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ABSTRACT
The Einstein-Maxwell equations with a negative cosmological constant  in 2 + 1
spacetime dimensions discussed by Ba~nados, Teitelboim and Zanelli are solved by assum-




, which is imposed on the orthonormal basis
components of the electric eld E
r^
and the magnetic eld B
^
. This solution describes









and electric charge Q
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. Although the coordinate components
of the electric eld E
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, the spacetime has the same value of constant negative curvature
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Lower dimensional gravity theories have been attracting considerable attention in
the hope that they provide some clues for solving some of the problems in the quantum
gravity theories in the four-dimensional spacetime.
Recently Ba~nados, Teitelboim and Zanelli (BTZ) [1, 2] found that the 2 + 1 dimen-
sional Einstein theory with a negative cosmological constant  admits a solution which
has almost all of the features of the black hole with mass M and angular momentum J .
Although this solution does not approach any at spacetime asymptotically due to its
constant negative curvature R = 6, it has an event horizon, an ergosphere when J 6= 0,
and nonzero Hawking temperature.
In this Letter we present an exact electrically charged BTZ black hole solution to
the Einstein-Maxwell equations in 2 + 1 spacetime dimensions,
1
which is obtained by


















are the orthonormal basis components of the electric eld
and the magnetic eld, respectively. The electric eld E
r^
and the magnetic eld B
^
which





, and this gives the black hole a nonzero angular momentum J . We will show in the
following that the Einstein-Maxwell second-order dierential equations are reduced to the
rst-order ones under the SD (ASD) equation (1) and these reduced dierential equations
can be solved by simple quadratures.




























































) = 0: (5)

























)dt. However their solution with nonzero angular momentum J and nonzero electric
charge Q
e








































where N , L, K and N

are functions of only r. Note that any coordinate condition such
as K = r is not imposed on this. If we set L = N and K = r, the line element (6) agrees
with that of BTZ [1], in which the perimeter length of the circle with t = const. and r =
const. is given by the usual formula 2r. These restrictions are, however, too stringent to































) from the Einstein equation,





































The left-hand side of this equation vanishes when L = N and K = r and so we have
B
^
= 0, which implies E
r^
= 0 because of the SD (ASD) equation (1).
Since we have two Killing vectors @=@t and @=@ in the stationary axisymmetric


























































) should approach the radial coordinate squared r
2
as r ! 1, the
constant C
1




will be determined by
the boundary condition N

(1) = 0. These will be explicitly shown in the following.


























































































































































In the following we will choose the positive sign without any loss of generality. This leads
to the positive L at the innity. It is easy to see that the remaining equations (11)-(13)






















































j+ q = K
2
; (20)






=jj. From above equations we immedi-




































with C a constant of integration. We may set C = 1 because the line element (6)


















by suitable redenitions of them.
We here impose a coordinate condition on our solution (21) to see the correspondence
between our solution and the BTZ solution [1, 2], which will clarify the physical properties
of our solution. The simplest choice
1


















Note that K approaches r as r ! 1 and this asymptotic behavior of K allows one to
identify C
1






. In the following we will simply put




in the neutral limit Q
e
! 0. Note that the










of (21) approaches the constant value "jj
1=2
as r !1 we see from (15)
and the boundary condition N

(1) = 0 that C
2





























Comparing the asymptotic form of N




























dtdrd takes the simplest form rdtdrd in our choice.
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This line element approaches that of the BTZ solution [1, 2] as r!1 sinceK approaches








vanish only at r = r
0
, our solution is an extreme black hole with
a horizon at r = r
0
. The mass M and the angular momentum J of our solution obey a
linear relation M = jj
1=2
jJ j, which implies a saturation of the inequality M  jj
1=2
jJ j
of BTZ [1, 2]. In the neutral limit Q
e
! 0 we have M ! 0 and J ! 0. Furthermore we
























































j = 0: (27)
We can show that r
c













1:13069   . We call the region between r
0
















=K diverge at r = r
c
because K vanishes at r = r
c
. Further K is pure imaginary in the region 0 < r < r
c
,
which, however, simply shows that the orthonormal 1-form basis (7) should be replaced









dr ^ (dt  "jj
 1=2
d); (28)
which has a singularity at r = r
0
but not at r = r
c



















At r = 0 the eld strength 2-form F and the gauge potential 1-form A vanish and we
have no \Dirac string" because A

(0) = 0.
From the formula for the scalar curvature R = 6  16GT , we see that our space-
time has a constant negative curvature R = 6, which coincides with that of BTZ [1, 2]
with no Maxwell eld. We obtained this result from the tracelessness of our T


, i.e., T is












) and this vanishes under the SD (ASD) equation (1).
1




)dt as r ! 1. This














= rdtdrd have no singularity at any value of r suggests that the singularities
at r = r
0
and r = r
c
of the metric are coordinate singularities and they may be removed
by a suitable redenition of the coordinate system. In fact we can see from (26) that g
tt
has singularity only at r = r
0





, and therefore the Riemann tensor, exist only at r = 0 or r = r
0
. ( The singularity
at r = 0 appears only in g
rr
.) Therefore the singularity of the line element (25) at r = r
c
is an apparent one. But we need a more careful consideration about the removability of
singularities at r = r
0
.
Although our scalar curvature R = 6 is the same as that of BTZ [1, 2] with no

























where "'s are the completely antisymmetric symbols and the second term in the right-
hand side of (30) cannot be cast into the form of the rst one, we see that our spacetime
is not a symmetric one and it will not be identied with an anti- de Sitter space in a
four-dimensional spacetime by any embedding [1, 2].









. It has the event horizon at r = r
0






. This extreme solution is a measure-zero
solution in the (M;J;Q
e
) space, since these parameters are restricted in a curve in the
parameter space. We hope that our paper paves the way for the derivation of a generic
solution such as the Kerr-Newman solution [5] in the four-dimensional spacetime.
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